A new expression of the equations describing the locked states of two oscillators coupled through a resistor is presented in this paper. This theory has led to the elaboration of a CAD tool which provides, in a short simulation time, the frequency locking region of two coupled differential oscillators.
variables estimation technique used to solve the system of equations describing the locked states of the two van der Pol coupled oscillators as well as the stability analysis of the locked states will be described in subsections III-A and III-B, respectively. Finally, in subsection III-C, the simulation results showing the reliability and the accuracy of the proposed tool will be presented.
II. Coupled van der Pol oscillators theory

A. Overview of R. York's theory
R. York's work considers the analysis of simple single-ended van der Pol oscillators coupled through either a resistive network or a broadband network that produce a constant amplitude and a phase shift between the oscillators [7, 9] . This analysis is useful in showing the effects of the coupling network parameters but, unfortunately, it is limited to the broadband case. In these conditions, R. York used a generalization of Kurokawa's method [10] to extend the oscillators dynamics to the case of narrow-band coupling. Using a system made of two parallel resonant circuits containing nonlinear negative conductance devices and coupled through a series resonant circuit, as shown in (2) leading to a free-running amplitude of one van der Pol oscillator always equal to unity irrespective of the G 0 value. Thus, this result clearly shows the limitation of the van der Pol model used by Lynch and York in [11] . In this case, in order to provide a more accurate model,
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let us consider the schematic of a van der Pol oscillator as shown in Fig. 2 
Furthermore, let us recall that such an oscillator topology can be modeled by a quasi-linear representation allowing a very simple analytical calculation [17] . In this case, the expression in the first bracket in (3) represents the negative conductance presented by the active part. Now, in order to obtain the new system of four equations describing the locked states of two coupled van der Pol oscillators, let us consider the circuit of Fig. 3 made of two van der Pol oscillators coupled through a series RLC circuit. In this case, the frequency-domain equations, using the admittance transfer function binding the coupling current to the oscillators' voltages, can be written as follows:
where A 1 ,  1 , represents the amplitude and pulsation of oscillator 1, and so on and the subscripts "NL" and "L" denote respectively the nonlinear and linear portions of the circuit. The admittance hal-00734076, version 1 -20 Sep 2012 transfer function for oscillator 1, assuming that the frequency of the oscillator remains close to its "free running" or uncoupled value 01  , has the following expression: 
Thus, following the same steps as in [11] but using (6) and (7) 
The case of a resistive coupling circuit can be deduced from (8) by letting the frequency bandwidth of the unloaded coupling circuit approach infinity, so that , the equations describing the locked states can be written as follows: 
C. New expression of the equations describing the locked states of two van der Pol oscillators coupled through a resistor
Once more, a solution to (9) indicates the existence of a frequency-locked state for the two van der Pol coupled oscillators. However, in this case, one can obtain the oscillators' amplitudes A Nevertheless, due to the trigonometric and nonlinear aspect of equations (9), the solutions of this system are very difficult or impossible to obtain. In these conditions, mathematical manipulations are applied to the equations in order to obtain a new system of three equations with three unknowns A 1 , A 2 and ,  easier to solve. Indeed, from (9) (11) and (12) can be written as:
In the same way, (13) and (14) can be expressed as:
And dividing (17) and (18) yields:
Hence, the new system of three equations with three unknowns A 1 , A 2 and ,  is presented as shown below: 
III. CAD Tool
In this section, the new CAD tool which allows to obtain, in a considerably short simulation time, the cartography of the locked states of two differential oscillators coupled through a resistive network is presented. Hence, the system of equations (20) was implemented on Matlab and solved using nonlinear programming technique.
A. Variables estimation technique
In this part, the problem of identifying the variables (or the roots) of the system of equations (20) is discussed. The basic formulation of the general problem is the following: given a n th dimension system of nonlinear coupled functions
, we seek the value of the variables' vector  for which (
In the case of the two van der Pol coupled oscillators model given previously, a new root finding procedure based on parameter estimation technique is developed. Let us consider the previous mathematical model given by equations (20) . The vector of variables to be estimated is: 
As a general rule, estimation with Output Error technique [18, 19] is based on minimization of a quadratic multivariable criterion defined as :
Unlike linear equations, most of the nonlinear equations cannot be solved in a finite number of steps. Iterative methods are being used to solve nonlinear equations. For criterion minimization, the variables values  can be driven iteratively to the optimum by Non Linear Programming techniques. Practically, we are using Marquardt's algorithm [20] for off-line estimation: It is important to note that the obtained ˆ is an approximated solution if J ≈ 0, i.e.
. This final value of the criterion corresponds to "small residual".
B. Stability analysis
For the stability analysis of the synchronized states, it is important to consider an initial differential system describing the amplitudes . Thus, dynamic equations developed in [11] have been adapted to the studied case and give the following differential relations: 
C. Simulation results
In order to show the accuracy and the reliability of the proposed CAD tool, simulations using Agilent's ADS software will be performed. In these conditions, let us consider the design of 4. The oscillators' structure is based on a cross-coupled NMOS differential topology using a 0.35 μm BiCMOS SiGe process. The cross connected NMOS differential pair provides the negative resistance to compensate for the tank losses, and the tail current source is a simple NMOS current mirror which draws 28 mA. The frequency of oscillation is chosen to be close to 6 GHz and is determined by the LC tank at the drains. In these conditions, the inductance value, L 1,2 , is close to 0.8 nH and the capacitor value, C is close to 0.88 pF. The resistor value, R, is equal to 100 Ω so that the quality factor of the tank is equal to 3. Since the presented theory implemented in our CAD tool uses van der Pol oscillators to model microwave coupled oscillators, we performed the modeling of this structure as two differential van der Pol coupled oscillators as presented in [22] , using ADS simulation results for one differential NMOS oscillator at the required synchronization frequency. As a consequence, the two coupled oscillators of Fig. 4 can be reduced into two differential van der Pol coupled oscillators as shown in Fig. 5 . In this case, let us note that the value of the coupling resistor on each path is equal to Rc/2 to match well with the theory based on the use of two single-ended van shift of 31.23° and an amplitude of 2.72 V at the output of each oscillator, as presented in Fig. 7 .
Thus, the errors regarding the phase shift and the amplitude predictions are only 3.71 % and 1.49 %, respectively.
Furthermore, Table I shows a comparison between the synchronization frequency, the phase shift and the amplitudes obtained in simulations with ADS for the two coupled NMOS differential oscillators, and with our CAD tool. Let us note that the free-running frequencies chosen for this table correspond to the equally spaced tunings line for which the synchronization frequency is equal to 5.97 GHz. Table II shows the same comparison as Table I , except that the free-running frequencies are not referred to the equally spaced tunings line. Hence, a good agreement was found between the results presented in both tables showing the reliability and the accuracy of the presented CAD tool. Nevertheless, as we approach the locking-region boundary, one can observe that the difference between the theoretical and simulated results is increasing. This is mainly due to the fact that the modeling of each NMOS differential oscillator as a differential van der Pol oscillator has been performed only at one frequency, i.e. the desired synchronization frequency.
Anyway, these results show that it is possible to adjust, with a relatively high accuracy, the freerunning frequencies of the two differential NMOS oscillators required to achieve the desired phase shift, amplitudes and synchronization frequency. The main advantage of this CAD tool is that, in an extremely short simulation time, one can obtain all the phase shifts, synchronization frequencies and amplitudes of the differential coupled system, in function of the free-running frequencies f 01 and f 02 of the two differential oscillators. Hence, since the inter-stage phase shift is independent of the number of oscillators in the array [4, 7, 9] , the proposed tool can also help the designer to rapidly find the free-running frequencies of the two outermost oscillators of the array required to achieve the desired phase shift. Indeed, without such a tool, a transient analysis 
IV. Conclusion
This paper presents a new CAD tool which provides, in a considerably shorter analysis time a cartography giving the phase shifts, synchronization frequencies and amplitudes of the differential output voltages of two differential oscillators coupled through a broadband network.
Starting from a new expression of the equations describing the locked states of two van der Pol oscillators coupled through a resistor, a simpler system of three equations with three unknowns was obtained. Solving this system on Matlab using nonlinear programming technique has led to the elaboration of the cartography of the locked states of the two differential oscillators coupled through a resistive network.
The reliability and the accuracy of the developed CAD tool was verified using Agilent's ADS software, where two differential NMOS oscillators coupled through a resistor were simulated.
The obtained results were in accordance with those generated by the presented CAD tool,
showing the usefulness of such a tool for the design of an array of differential oscillators coupled through a broadband network. 
